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KAHLER-RICCI SOLITONS 
-^-. ON HOMOGENEOUS TORIC BUNDLES (II) 

o' 
o 

(N 

&^' Abstract. It is proved that an homogeneous toric bundles over a flag inani- 

■^^ ' fold G / P admits a Kiihler-Ricci solitonic metric if and only if it is Fano. In 

particular, an homogeneous toric bundle of this kind is Kahler-Einstein if and 
\I , only if it is Fano and its Futaki invariant vanishes identically. 

o 

\-A ' 1. Introduction 

d i In this paper we continue the discussion of ^Ij on Kahler-Einstein and Kiihler- 

Ricci solitonic metrics over homogeneous bundles tt : M — > ]/, with fiber equal to a 
compact toric Kahler manifold F and basis V equal to a generalized flag manifold 
V = G'^ / P of a complex semisimple Lie group G"'. We call any such bundle a 
homogeneous toric bundle. 

In |14| we gave necessary and sufficient conditions in order that a homogeneous 

t^^ ' toric bundle tt : M — > y = G'^/P has positive first Chern class; In particular this 

^-P I occurs only if F is Fano. In this second part we determine when a homogenous 

2. ' toric bundle admits a Kahler-Ricci soliton. 

\^ I We recall that a Kdhler-Ricci soliton consists of a Kahler form to associated with 

f^ ' a (real) vector field X such that 

^ ■ p-u! = Cxui , Cjxui = , 

-*— > ■ 
C^ ■ where p denotes the Ricci form of u. Notice that if the associated vector field X is 

trivial, the Kahler-Ricci soliton cj is a Kahler-Einstein form. 



Our main result is the following. 



Theorem 1.1. Let F be a toric Kahler manifold of dimension m and n : AI —> V 
jrt ' be a homogeneous toric bundle with fiber F and basis V = G / P. The bundle M 

admits a Kdhler-Ricci soliton if and only if it is Fano. 

In particular, the bundle M is Kahler-Einstein if and only if it is Fano and its 
Futaki functional vanishes identically. 

This theorem extends the result of X.-J. Wang and X. Zhu (^Hl) who proved 
the existence of a Kahler-Ricci soliton on any Fano toric manifold F, i.e. when the 
basis of the toric bundle reduces to a single point. On the other hand, our theorem 
includes the results of N. Koiso and Y. Sakane in ^1|U1^], which give necessary 
and sufficient conditions for homogeneous toric bundles with fiber CP^ in order to 
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be Kahlcr-Einstein (see also ^lEj). It also generalizes Koiso's result (0) on the 
existence of a Kahler-Ricci soliton on any Fano, homogeneous toric bundle with 
fiber CPi (see also [T7)'). 

The paper is organized as follows. In §2 we fix notations and recall some facts 
on homogeneous toric bundles that were used and/or proved in 14 . In §3 we recall 
the fundamental results of ^1 E] on Kahler-Ricci solitons and we obtain some 
consequences on homogeneous toric bundles. In §4 we compute the holomorphic 
invariant introduced by Tian and Zhu in |17j and in §5 we show that the problem of 
finding a Kahler-Ricci soliton on the homogeneous toric bundles can be reduced to 
a suitable partial differential equation on the toric fiber F: This equation turns out 
to be very close to the equation studied in [THI. We conclude showing that under 
suitable modifications, the arguments used in the proof of Wang and Zhu for the 
solvability of that equation works in our case as well. 

We remark that from the proof of Theorem ll.il it follows that a vector field X 
on a homogeneous toric bundle over a flag manifold is the associated vector field 
of a Kahler-Ricci soliton if and only if the Tian and Zhu's invariant Tx{') vanishes 
identically. 



2. Notations and preliminaries 

As we mentioned in the Introduction, this paper is the continuation of jl4| and 
we will constantly use the same notation and definitions introduced in that paper. 
For readers convenience, we briefly recall here all notations and deflnitions adopted 
in that paper, but we refer to |14| for more detailed information. 

For any Lie group G, we will denote its Lie algebra by the corresponding gothic 
letter g. Given a Lie homomorphism t : G ^ G' , we will always use the same letter 
to represent the induced Lie algebra homomorphism t : g —^ q' . The center of G 
will be denoted by Z{G) and the center of g by 3(0). 

If G acts on a manifold N, for any X £ q, we will use the symbol X to indicate 
the corresponding induced vector field on N. We recall here that [X, Y] = —[X, Y] 
for every X,Y £ g. 

We will also denote by A^rcg the set of G-principal points in N. 

The Cartan Killing form of a semisimple Lie algebra g will be always denoted by 
B and, for any X £ q, we set X"^ = -~B{X, ■) £ q* . Given a root system R w.r.t. a 
fixed maximal torus, we will denote by Ea £ the root vector corresponding to 
the root a in the Chevalley normalization and by Ha — [Ea, -E-q] the S-dual of a. 

In all the following, F denotes a compact, toric Kahler manifold with dime F — 
m and we indicate by T™ the m-dimensional torus acting effectively on F by 
holomorphic isometrics. A homogeneous toric bundle is a compact Kahler manifold 
of the form 

M = G^ Xp,rF = GXK,rF (2.1) 

where V = G^/P = G/K is a flag manifold of (complex) dimension n, G is a 
compact semisimple Lie group, G"' its complexification, P a suitable parabolic 
subgroup and t : P ^ ^ym^c jg ^^ surjective homomorphism. 
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We will constantly identify F with the fiber F = Fex — 'K~^{eK) over the base 
point eK (^V = G/K. 

The complex structures of M, F and V will be denoted by J, Jp and Jy, 
respectively. Notice that Jy is the natural G -invariant complex structure of the 
complex homogeneous space G / P and that J is the unique G -invariant complex 
structure on Af , which makes tt : M — > y a holomorphic map and induces on 
F — ^^^{eK) the complex structures Jp- 

We observe that both G'' and (T™)"' act naturally as groups of holomorphic 
transformations on (M, J), with two commuting actions. The action of G^ is the 
one induced on M by its standard action on G*^ x F, while the action of (T™)'' is 
defined by 

h{[g, x\K,r) = [g, h-\x)]K,r , for any h € {T^f . 

For this reason, in the following we will identify G"' x (T™)C ^\^\^ ^j^g correspond- 
ing subgroup of Aut(M, J) and q^ -\- \P will be identified with the corresponding 
subalgebra of aut(M, J) = Lie(Aut(M, J)). 

We recall that g admits an Ad(ii')-invariant decomposition g = 6 © m and that, 
for any fixed CSA f) C t"' of g^, the associated root system R admits a corresponding 
decomposition R = R^ + R^, so that Ea G f-' ii a £ Ro and Ea € m"' if a € Rm- 
Furthermore, Jy induces a splitting Rm = R^ U -^m i'^to two disjoint subset of 
positive and negative roots, so that the Jy-holomorphic and Jy-antiholomorphic 
subspaces of m'' are given by 



^(1,0) 



C^„, m^"'^) = ^ <CEo, . (2.2) 



ae-Rm a£R„ 



The Lie algebra p of the parabolic subgroup P is p = fi"' -|- m^^'"'^'. 

We also recall that for any G-invariant Kahler form lu of V there exists a uniquely 
associated element Z^ e ^(t) so that uj{X, Y) = B{Z^, [X, Y]) for any X, F e g. 

eK 

In particular, the G-invariant Kahler-Einstein form uoy on V , with Einstein constant 
c = 1, is associated with the element 

Zv = -^ Y, «^" ■ (2-3) 

(see e.g. 0] - be aware that in this paper, we adopt the definition of Ricci form 
p used e.g. in 0, which differs from the one in '2\ and 3^ by the factor ^). 

The homomorphism t : P ^ (j^m-^c jg completely determined by its restriction to 
the connected component of the identity Z°{K) of Z{K), which gives a surjective 
homomorphism r : Z°{K) — > T™ and a surjective Lie algebra homomorphism 
T : id) ^ t. 

In the following, we will denote by tg = (kerr)^ n 3(6). Notice that tc in- 
tegrates to a closed subtorus and moreover we can choose a S-orthonormal basis 
{Zi, . . . , Zm) of ic so that exp(R • Zj) is closed for every j = 1, . . . ,m. We will 

denote by Z' = t{Zj) for j = 1, ... ,771 and by Vj the smallest real number such 
that exp{i/jZ'j) = e. 
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We will also denote by {Fa^ , Ga^ , . . . , F^^ , Ga„ ) the basis for m C g given by the 
element 

F^^ - -j^iEc, - E-a,) , Ga, - 4|(^". + E-c,) , a,eRm ■ (2.4) 

The rest of this section will be devoted to the properties we will later use of 
the so-called "algebraic representative" of a closed G-invariant 2-form and of their 
relations with the moment maps. 

li ip is a G-invariant closed 2-form on M, then there exists a G-equivariant map 
Z^ : M -^ Q, uniquely associated with ip so that 

ibpiX,Y)^Bi[Z^\p,X],Y)^B{Z^\p,[X,Y]) ior any X,Y e & (2.5) 

This map is called algebraic representative of ip and, in case -0 is non-degenerate, 
the moment map determined by ip 

coincides with the (— ,8)-dual map of Z^ 

Z;''^'-B{Z^,-):M^g*. 

By G-equivariance, any algebraic representative Z^ is uniquely determined by 
its restriction on the fiber F ~ Tr^^{eK) and such restriction Z^|i? takes values in 

3(6). 

In case a G-equivariant 2-form ip is cohomologous to 0, its restriction to F must 
be of the form ip — dd'^cj) for some X-invariant smooth function (p : F ^ M. and the 
restriction to F of its algebraic representative is 

^vk^-JZ-^^^W^^ • (2-6) 

i 

For any given Kahler form u G Ci(M), the restrictions to F of the algebraic repre- 
sentatives of w and of its Ricci form p are as follows: 

Zi^lp — 2_^ fiZi + Zy , for some smooth functions /« : F ^ K , (2.7) 

i 

Z,W^±'-^^Z. + Zy, (2.8) 

i=l 

where Zy G lit) is the element defined in (2.3) and 

/j = dot (-/,,,) . n {a!J., + h„), (2.9) 

aeR+ 

where /i^ = JZj{Ji), a^ = a{iZi), ba = a{iZv). 
Moreover, for any p G F , 

-ft.jip) = ^p(Zj, JZ,) ^ —gp(Z„ Zj) . (2.10) 

ZTT 

In other words, for any point p dz F, the values —fij{p) are the entries of a sym- 
metric, positive definite matrix and one can check that the map 



^i■.F^i*, fi{q) = -B{J2hZe,-: 



e t& - t (2.11) 

tG 
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is a moment map for the action of T"' determined by uj\tf- 

If F has ci{F) > 0, for a given T™-invariant Kahler form ip E ci(F), a corre- 
sponding moment map /x^ : F ^ t* is called metrically normalized ii Jpip ' V^ = 
where 77^ is the unique Kahler form in ci{F) that has ip as Ricci form. By |14) 
§4, for any ip £ ci{F), there exists a unique associated metrically normalized mo- 
ment map and the polytope Ap ~ \x^ [F) is independent of V' and it is called the 
canonical polytope of F. 

If M is Fano, by Thm. 1.1 of ^3], then also F is Fano and the moment map 
defined in (2.11) is the metrically normalized moment map determined by uj\tf- 
In particular, /x(F) = Ap. 

In all the following, we will also constantly identify t*(= t^) with R™, through 

the vector space isomorphism that maps the elements eg — j:^ ^{Ze, Olt into the 
canonical basis of R"* . By virtue of such identification, in next sections the map /i 
will always be written as 

fi:F^ApCR"\ fi{q) = (-4^/1 (g), . . . , -4^/,„(g)) . (2.12) 



3. KAHLER-RiCCI SOLITONS AND ASSOCIATED VECTOR FIELDS ON 
HOMOGENEOUS TORIC BUNDLES 

First of all, let us recall the definition of Kahler- Ricci soliton (see e.g. \Ui\)- 

Definition 3.1. Let {N, J, Cu) be a compact Kahler manifold of positive first Chern 
class. We call Kdhler-Ricci soliton any pair {ll!,X), where w is a Kahler form on 
M and X is a (real) vector field on M such that: 

a) ^jx^ = , b) p — u) = Lx^ = d{txi^) ■ 

If {u!,X) is a Kahler-Ricci soliton, we will say that uj is the Kahler form of the 
soliton and that X is the associated vector field. 

From b) it is clear that a compact Kahler manifold admits a Kahler-Ricci soliton 
only if it is Fano. 

We need now to introduce some notation regarding Kahler-Ricci solitons. For 
a given compact Kahler manifold {N,J), we denote by Avit{N,J) the group of 
all complex automorphisms of A^, by Aut(iV, J)° its connected component of the 
identity and by Ru{N, J) its unipotent radical. 

In the next statement, we collect some crucial facts on Kahler-Ricci solitons 
obtained by Tian and Zhu (see [iB], Thm. A, [HI, Prop. 3.1, Prop. 2.1, Thm. 
3.2). 

Theorem 3.2. Let (iV, J, uj) be a compact Kahler manifold with positive first Chern 
class and assume that it admits a Kdhler-Ricci soliton {lu,X). Denote also by 
Qi'^i c Aut(7V, J)° the subgroup of all isometrics ofio. Then: 

i) G^'^' is a maximal compact subgroup of Aut{N, J)° and JX belongs to the 
center 3(0^"-'); 
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ii) all Kdhler-Ricci solitons [to'^X') on N are of the form 
for some a G Aut{N, J)° . 



Remark 3.3. From i) and ii) of the previous theorem, it foUows immediately that 
N admits a Kdhler-Ricci soliton {uj,X) if and only if, for a given maximal compact 
subgroup G C Aut(A'^, J)°, there is a Kdhler-Ricci soliton {uj^ \X^^'), where uj^'~^' 
is G -invariant and JX^ ' G 3(fl). 

Let us now consider an homogeneous toric bundle M — G"' xp^ F, with the 
fiber F acted on by the torus T™ (and hence by its complexification (T™)^). The 
following lemma is crucial. 

Lemma 3.4. Let M = G"" Xp^r F be a homogeneous toric bundle, G C Aut(M)° 
a maximal compact subgroup containing G x T™ and § = LieiG). Then 3(g) C t. 

Proof. By Blanchard's Lemma {W-, see also POj, Prop. 1, p. 45), for any ^ G 3(0) 

the group A — exp(IR -Y) is a compact, abelian subgroup of Z{G) consisting of 
fiber preserving biholomorphisms. This implies that A projects onto a compact, 
connected group Av of biholomorphisms of V with Ay C Ca{G'^), where A = 
Aut(y, Jy)°. Now, if ^ = G'^, then Ay is trivial because G"^ is semisimple. If 
A 2 G^, then the possible pairs {A, G^) have been classified by Onishchik in [T^ 
and it is easily checked that Gyi{G^) is trivial and hence Ay = {e}. This means 
that A fixes all fibers and that the restriction oi A to F = F\f.x commutes with 
the action of T". 

On the other hand, by Demazure's Structure Theorem for toric manifold (see 
e.g. m, p. 140), Aut(i^, Ji?)" is a linear algebraic group and T'" is a maximal 
algebraic torus of Aut(F, Jf)°- This implies that for any a G A the biholomorphism 
a\p : F —^ F coincides with some biholomorphism t\p, t G T™ or, equivalently, that 
aot^^\p = Id. Since both a and t commute with G, it follows that aoi~^|^-i(g;^-) = 
Id for any fiber Tr~^{gK) G M and hence that a — t and 3(g) C t. ■ 

From Lemma l3.4l and Remark l3.3l we immediately obtain the following corollary. 

Corollary 3.5. An homogeneous bundle M — G Xp^r F admits a Kdhler-Ricci 
soliton if and only if there is a Kdhler-Ricci soliton (co^X) on M , where lu is a 
G X T'^-invariant and X ^ JY for some Y Gi= Lie{T"'). 



4. The Tian-Zhu invariants of a homogeneous toric bundles 

In ^7], G. Tian and X.-H. Zhu proved that, on a given compact complex manifold 
{N, J), a vector field X is the associated vector field of a Kahler-Ricci soliton (w, X) 
only if a certain holomorphic invariant homomorphism 

Tx ■■ aui{N, J) ^ K 



KAHLER-RICCI SOLITONS ON HOMOGENEOUS TORIC BUNDLES (II) 7 

vanishes identically. Such homoniorphism !Fx is an analogue of the classical Futaki 
invariant T : aut(A^, J) ^ M of [N, J) (|H]) and one has Tx = ^ when X = {). In 
the following, we will call such honiomorphism the Tian-Zhu invariant associated 
with X . 

In |17) the following important property has been proved. 

Theorem 4.1. (^ J17l . Prop. 2.1) Let {N,J) be a compact complex Kdhler mani- 
fold with Ci{N) > 0. For any maximal compact subgroup G C Aut°(A^, J), there 
exists exactly one element Y G 3(g) (possibly equal to 0) so that J-jyi') vanishes 
identically. 

Let us now consider the toric bundle M . By Lemma 13.41 and Theorem 14.11 if 
we consider a maximal compact subgroup G C Aut(M, J) that contains G x T™, 
there exists exactly one y G t so that the Tian-Zhu invariant J-x{) with X = JY 
vanishes. 

We need now to determine the explicit expression for Tx when X — JY, for 
some Y G i. Recall that, since {Z[, . . . , Z'^) is a basis for t, any vector field of this 
kind is of the form 

m 

X(^)=^AOz; (4.1) 

for some suitable A = (A\ . . . , A") G K™. 

Lemma 4.2. Assume that M is Fano and let w be a G x T"^ -invariant Kdhler 
form on M, with algebraic representative so that Zj\p = ^^ fiZi + Zy for some 
smooth functions fi : F ^ 'K. For any vector field X on M such that Cjxi^ = 0, 
then there exists a unique smooth real valued function 9^-^' such that 

(4.2) 

f „e(^> ,n+m _ r n+m 

If X ~ X^^' is a vector field of the form (4-1), then the corresponding function 9^^' 
is G X T"^ -invariant and the restriction of 9^ ^p is 



where C^^' is the real number 



= -47r^A-'/j+C(^) (4.3) 



C(^)=log(^ ^M^"^"" \ M4N 

The constant G^ ' is the same for all cohomologous Gx T™" -invariant Kdhler forms. 

Proof. Since ci(M) > and Cjx^ ~ dijx^ = 0, by Bochner's theorem foi(M) ~ 
and there exists a unique function 9x so that 

-id^0(^) = [ixuj) o J = -ijxoj 
An 

and (4.2)2 is satisfied. From uniqueness and the fact that ui and X'-^^ are both 
G X T™-invariant, it follows that the function 0*-'*'-' associated with X = X'-'^' is 
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G X T™-invariant. Moreover, one can check the G x T™-invariant function defined 
by (4.3) is the required function because it satisfies (4.2)2 and 



d(FB^^\Z,,JZj) = Cx(x)Lu{Z,,JZj) 



1 < i, j < m 



Finally, by (2.6) if uj' and uj are cohomologous, the algebraic representative of uj' 
is given by Z^'\p = ^ ■ fjZj + Zy with /j = fj — JZi d^'/') for some smooth 
G X r™-invariant function : M ^ M. By (4.3), the function 0'^'*'' relative to uj' is 

where we denoted by C"'-'^' the constant (4.4) determined by uj' in place of uj. On 
the other hand, Lemma 2.1 of HH shows that 6''-^^ = O'-^'^ +X'-^\(j)) and hence that 



Proposition 4.3. Assume that M is Fano. For any A E M™, we have that 
J-xW (JY) = for all Y € i if and only if all integrals 

I Xfce^"^" W (-^^ + 6„jrfa;i A---Ada;" , l<fc<m, (4.5) 

vanish. 

Proof. Let a; be a G x T™-invariant Kahler form in ci(M), p the Ricci form of uj 
and h,^ a smooth function on M such that 

1 i - 

p- UJ ^ -—dd^h^ = -—ddhui . (4.6) 

47r ZTT 

It follows that the algebraic representatives of p, uj and -^dd'^h^ are so that Zp — 
Z^ = Z^M-h^- From (2.6) - (2.8), we have that 

JZ^ih^) = -JZ.j{\ogh) + 47r/, (4.7) 

where /?, : F ^ R is defined in (2.9). According to the definition given in jl7| . 

Txw {Y) =^ I Y(h^- 0(^)) 6"'"^"+™ for any Y e aut(Af, J) , (4.8) 

where O'^^^ : M ^ C is the unique smooth function that satisfies the condition (4.2). 

Let us now compute !Fx{>^){JY) when Y = Z'^. First of all, let us fix a point 
Vo G -Frcg and consider the diffeomorphism 

i : i^.eg ^ K™ X T™ ~ (C,)'" , 
de^p(f2{t'+^s')^Z'^ ■ Po) ^ (^^t'e'^'\ . . . ,^f-e^^'" 

If we identify i^icg with (C*)'" by means of ^, the pairs (— i*, — s*)'s are polar 
coordinates for the factors C* of (C*)™ and we may consider the m-tuple {—{t^ + 
is^), . . . , .22L(/;'" _|_ is™)) as a system of complex coordinates on Frog — (C*)™ such 
that 



— — r — J ZJj , — — r — .Z^ 

dt' ds' 
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Now, set rJi=^ == dt^ A • • • A dt™ A dsi A • • • A ds'". 

Lemma 4.4. There is a suitable constant C such that for any G-invariant function 
(t>eC°°{M)^ we have 

4> . c^»+" = C ■ VoLy {V)- [ 4>-h-^F , (4.9) 

where h G C°°{F)'^ is the T™ -invariant function defined in (2.9). 

Proof. Let lim be a open set in m containing such that the map "0 : him —^ 
exp(Z^ni) • {sP) — Uv is a diffeomorphism onto its image and the mapping A : 
F xUv ^ T^~^{Uv) =^ U given by A(/,exp(X) • (eP)) = exp(X) • / is a bundle 
isomorphism. We then select gj <^ G, j — I, ... ,N , so that V = lji=i(5j ' ^v) and 
put Ag = and Aj = g-jU ior j — \, . . . ,N . Hence 

N 

cj) . cj"+™ = y / (/. • w"+™ = 

N 

= V / (j)- 1^"+™ . (4.10) 

InU = F X Uv we may restrict to the submanifold Frcg x l^v and we may define 
the function h e C°°(Prcg x l^v) by means of the following 

W = ll ■ lip A Ijjy . 

The function /i can be easily determined by evaluating the forms [x)"+™ and Q.pf\LOy 
on the frames {Zi, JZi^ Fj, Gj} at the points of -Flog; A direct computation shows 
that h = G ■ h, for some suitable constant C. 

Using the G-invariance and Fubini's theorem, (4.10) reads 

N 



N 



M j^i JFx{Uv\{\Jtl 9f^9iUv)) 



= V / / cp■h■nF^uJ'^] = 

^ciy^f ^v]-[ 0-/i-^f = G-voW(y)- / ^-h-riF.m 

\p[Juv\{[JlZlg-'g.Uv) J Jf,.^ Jf,^^ 

By Lemma|131 (4.8), (4.2) and (4.7), it follows that Txw{JY) = for aU F e t 
if and only if the integrals 



9k 



i'^=f jz,[h^-e('^)e''''-h-n, 



(- JZfe(log/i) + Anfk + JZkiAnX^fj)) ■ e-^-^'/^+c*"' . h ■ np (4.11) 



are equal to for all fc = 1, . . . , m. 
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On the other hand, if we identify Frog with (C*)™ by means of the map £, 
described above, we have that 



^rc 



(jZfc(log/i) - JZk{4TTX^fj)) ■ e-4"^'^^ ■h-ilF = 

= {-\f I (f ^{h-e-^^^'f^^dt^\dt^A...^^---Adt'^Ads^A---Ads'"'^ 
= (-!)'=/ ( hm (h-e-^^^'f^) 



b^-c 



" dt^A... " ■■■Adt"'Ads^A---Ads"' 

k 



= (4.12) 

where the last equahty is obtained from the definition of h, the fact that the func- 
tions fj : Ficg — > R are bounded (see (2.12)) and the property that 

det(-/,,,) : Freg ^ R , det(-/,,,)|p = j^ det(gp(Z„ Z,)) 

goes to when p tends to a point of F \ Freg, since 

F \ Fj-cg — { q E F such that Zj = for some j = 1, . . . ,m } . 

q 

From (4.12), it foUows that the integrals g]. are equal to 

5^^ =C j fkc-^^^'^^ det(-/,,,) • H {aUj + ba) ■ ^f (4.13) 

for some constant C. Using the change of variables (i*, s*) i-^ (x* — — 47r/*(i^, s^), s*) 
and the the fact that the integrand is independent of the coordinates s*, one can 
check that (4.13) is equal (up to a multiplicative constant) to the integral (4.5) 
over the image of the moment map fi = (— 47r/i, . . . , — 47r/m), i.e. the canonical 
polytope Ap C R". ■ 



5. The reduction of the solitonic Kahler equation on M to an 
equation on the toric manifold f and the proof of theorem ii. ii 



By Thm. 1.1 of ^1], we know that Af = G"^ 'Xp.rF is Fano only if also F is Fano. 
In the proof of that theorem, we have shown that the correspondence w i— > uj\tf 
between 2-forms on M and on F maps any G-invariant Kahler form in ci(M) into 
a T™-invariant Kahler form on F, which belongs to ci(F). The following lemma 
shows that such correspondence is actually bijective. 



KAHLER-RICCI SOLITONS ON HOMOGENEOUS TORIC BUNDLES (II) 11 

Lemma 5.1. Let ci{M) > and denote by ci(Af)'^^^ and ci(F)-^ the sets 
of G X T^" -invariant 2-forms in ci{M) and of T"^ -invariant 2-forms in ci{F), 
respectively. Then there exists a map 

E: c^iFf'^ciMf-^'" (5.1) 

which is inverse to the map 

R: Loe ci(Af)^^^'" > lo\tf € Ci(F)'^" . 

Moreover, E{uj) is Kdhler if and only if lj is Kdhler. 

Proof. Let us fix a Kahlcr form cJq G ci(F)-^ . Any r™-invariant cj e ci{F) is of 
the form uj = ljo + dd'^cp^} for some r™-invariant function (puj, which is unique up 
to a constant. We denote by ^^ the map 

^^ : F ^ t* , M-|p(X) = /i^Jp(X) - d'^^{Xp) for any X € i. (5.2) 

where ^ujo is the metricahy normahzed moment map associated to the Kahler form 
Wo (for the definition, see §2). One can check that /i^ is the metrically normalized 
moment map relative to m, whenever uj is non-degenerate. 

Now, for any lu £ ci{F)^ we define E{u!) as the unique Gx T"'-invariant 2-form 
on M, whose restriction on TAI\p is as follows: for any p E F, X,Y £ TpF and 
A,B Gm 

E{oj)j,{X, Y) = LUpiX, Y) , E{Lu)p{X, i) = , 

E{uj)p{A, B) - -^l^{p){T{[A, B]i)) + {^*ujv)p{A, B) , (5.3) 

where uv is the G-invariant Kahler-Einstein form on V with Einstein constant 
c = 1 and where we denoted by "[A, Sje" the component of [A, _B] along I w.r.t. 
the decomposition g = £ © m. Going through the arguments after formula (5.1) of 
|14j . one can check that E{u}) is closed and J-invariant. 

It is also direct to see that the algebraic representative Ze{uj) of E{lo) is so that 

ZEi^)\p = E {foj - JZM^)) Z, + Zv (5.4) 

3 

where the foj : F ^ M are (up to the factor — 47r) equal to the components of 
\i^^ : F ^ t* ~ M™ under the identification (2.12). It follows that the algebraic 
representative of £'(0^2) — E({jJ\) is the same of dd'^{(^^^ — (f>^^)^ meaning that the 
image of F is in a single cohomology class. Moreover, by looking at the algebraic 
representatives, one can see that the 2-form E{p), where p is the Ricci form of oj, 
coincides with the 2-form po defined in formula (5.7) of !T3I. By the proof of Thm. 
1.1 in ^j, we know that po G ci{M) and hence E{uj) £ Ci{M) for any ui. 

From (5.4) and the remarks at the end of §2, for any lu £ ci(Af)'^^-^ the alge- 
braic representatives of uj and of E{R{ui)) coincide and hence uj = E{R{uj)). This 
implies that E is inverse to R since, by construction, we also have that R{E{uj)) — uj 
for any w £ ci(F)^ . 

The last claim follows from the fact that, for any Kahler form uj £ ci{F)'^ , 
the 2-form E{u}) is positive because it is G-invariant and its restriction at TM\f 
is positive. This is true because, if we denote by —infj the components of the 
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metrically normalized moment map jJi^ of co, from (5.4) we have that for any aj G 

K 

ivpiF^^,JF^^)^BiY,fkZk + Zv,[Fo.,,Go,,]) = ia,iY,fkZk + Zv)>0, (5.5) 

fc k 

which coincides with condition (1.1) of Thm. 1.1 of ^3] in a different notation. ■ 

We now want to determine the differential equations that characterize the T™- 
invariant Kahler forms in ci{F) corresponding to invariant solitonic Kiihler forms 
of M. We recall that, by Corollarv l3.5l there exists a solitonic Kahler form on M if 
and only if there exists a Kahler-Ricci soliton (w, X) where w is G x r™-invariant 
and X is of the form X = X^^l = J2k ^^''JZ'u for some A G R™. 

To simplify the notation, in the following, for any r™-invariant 2-form a; G ci (i^), 
we will denote by a) = Eiuj) the corresponding 2-form in ci{M)'^'^^ . Similarly, 
any 2-form in ci{M)'-^^'^ will be denoted with a symbol of the form Cj and the 
corresponding 2-form in ci{F) will be indicated by a; = R{lu). 

For any Kahler form (D g ci (M)'^^^" , let us indicate by (— 47r) • f^^j : F ^ W the 
components of the metrically normalized moment map fi^ : F -^ Aj? C M™ ~ t*, 
relative to w, as given in (2.11) and (2.12). Let also p be the Ricci form of u) and 
4>i^,p the unique potential on M so that 

~P = Cj+ ^d(F4>c p , / 6"^-^^"+™ = / (I'"+™. (5.6) 

47r ' Jm hi 

Notice that <i>cj.p is G x T™-invariant and hence it is uniquely determined by its 

restriction to F . 

From Lemma [4.21 the pair ((D,X*^'^') is a Kahler-Ricci soliton if and only if 

i 

0^,p + 47r^j7^,,-G(^)=O, (5.7) 

A 

where G'-'''-' is defined by (4.4) and it is independent of lo. 

We now fix a T^-invariant Kahler form ujo S c\ (F) . For any other T^-invariant 
Kahler form to, we denote by ipi^ the unique potential on F so that 

u;^cj, + ^dd-^P^ , J e'^-c.™ = J c.^" (5.8) 

and we want to determine the equation in the unknown function tp^ determined by 
the condition (5.7). 

Let Qo = E{(jJo) be the G x r™-invariant Kahler form given by Lemma [5. II and 
let Zq^ = ^j foiZi + Zy be the restriction to F of the algebraic representative of 
Hio- We consider also a system of complex coordinates (i^ -I- is^, . . . , t™ -I- is™) on 
i^rog — (C*)™ as in the proof of Proposition ^21 such that 

Since F„g ~ M™ x T", the maps ]oi are T™-invariant and, by (2.10), ^ ^ ^ 
for all i,j's, then there exists a r™-invariant smooth function Uo ■ i^rcg ^ K so that 



1 duo 



/od. = --id^ ■ (5-10) 
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The function Uo is uniquely determined up to an additive constant. It can also be 
checked that a;o|_F,eg — j^dd'^'u-o- 

We claim that there exists some suitable constant C^j so that (?!)i,p|_Fjo = ^ + Cuj 
where 



-r dcf , 

* = -log 






[Uo + f/'w) 



aeB+ 

(5.11) 
In order to check this, notice that by (2.6), the restriction to F of the algebraic 
representative oi uj = uIq + ■^dd'^ip^^ is 

Z,, = > ^ ( /„, - —JZM...)] Z.+Zv = -—^ 5K+Mz., + Zv . 



4^ ^^""^7^ " Att^ dP 

J " j 

Then, from (2.8), it follows that the algebraic representative of j^dd'^'^ coincides 
with the algebraic representative of p — tZ; = -7-dd'^(j)^,p and hence that $ — (f>{o.p is 
a constant. The value of C^ is uniquely determined by the normalizing condition 
(5.6)2. 

From (5.7) together with the expression of (p^.p given by (5.11) and setting 
^ — ''Puj + Cui, we obtain the following proposition, which reduces the solitonic 
equation on M to a Monge- Ampere equation on the toric manifold F. 

Proposition 5.2. Let lOq fee a fixed T'"'' -invariant Kdhler form in ci{F) and Uq '■ 
Preg — > M fee a fixed smooth function so that (5.10) holds. Let also X^^' fee the 
vector field of the form (4.I) such that Txwi') = '^''^d let C^ ' fee the constant 
defined by (4-4) ■ 

A T"^ -invariant Kdhler metric lo £ ci{F) is so that the corresponding G x T™- 
invariant Kdhler form Cj G ci(A/) is a soliton, with associated vector field X^ ' , if 
and only if 

oj = ujo ^ dd If , 

47r 

where ip : F -^ M, is a smooth T^^ -invariant function that satisfies 

at all points of Ficg . 

We recall that, by Theorem l4.1l and Lemma IX^ there exists a unique A £ M™ so 
that !Fxi^){-) vanishes identically. By Proposition l4.3l for such A all integrals (4.5) 
are equal to 0. 

In ^U], X.-J. Wang and X. Zhu determined a Monge- Ampere equation that char- 
acterizes the T^-invariant Kahler-Ricci solitons on F and proved the solvability of 
such equation. Notice that the case considered by Wang and Zhu can be interpreted 
as a homogeneous toric bundle with basis given by a single point. And in fact the 
Monge- Ampere of Wang and Zhu can be obtained from (5.12) by setting the factor 

A= 7 ^ (5.13) 

i-i-aeRt \ iTT at» ^ "" 
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equal to 1. 

We claim that the arguments used in ^19; for proving the solvability of (5.12) 
when A = 1 remain valid also when A ^ I and hence that (5.12) is always solvable. 

In fact, as in ^\, the solvability of (5.12) can be obtained by the continuity 
method, namely by considering the family of equations 

det [ ^^(''o + 'fi) ] ^ i g-c(-)-x(-)(«„+^)-n„~t^ 



dPdP J rr f °° ^(^ 

i.la£R+ y 47r dt^ 

(5.14) 
parameterized by the real numbers t G [0, 1]. By the same arguments used for the 
proof of Proposition 15.21 one can see that (5.14) is the Monge- Ampere equation 
characterizing the T^-invariant 2-forms uj E ci{F), whose associated G x T"*- 
invariant 2-form lu satisfy 

p — Qo ^ ti^J — Ojo) = Lxw^ ■ (5.15) 

By the results of |^ and jJHj, (5.15) is solvable for any t in an open subinterval 
[0, e[c [0, 1] and hence the same is true for the equation (5.14). Moreover, for any 
t E [0,1], if (y9 is a solution of (5.14) that corresponds to a Kahler metric, then 
its G X T"'-invariant extension is the potential w.r.t. lJq of a Kahler form a) that 
satisfies (5.15) and hence in ci(Af). It follows that the functions 

djup + if) 

are the components of the metrically normalized moment map of uj and take value 
in the polytope Aj;^ , which is a bounded convex domain in M™ and it is independent 
of t. In particular, the algebraic representative of (I; is of the form (2.7), the function 
/i = (— 47r/i, . . . , "47r/„i) : F -^ R™ ~ i* is a metrically normalized moment map 
on F and the image n(F) = Ap is independent of the value of t. Since A coincides 
with the function nae_R+ i~^{J2iLi fi^i + ^v, Ha), by Thm 1.1 of 14 , the values 
of A are always positive and are bounded above and below by two constants that 
are independent of t. 

From this facts and the generalizations of 16 of the a priori estimates of |18| . 
the solvability of (5.14) for i = 1 is proved if one can give a uniform upper and 
lower estimates for the solutions ip of (5.14) for any t € [e, 1] for some < e. 

One can check that the proofs of Lemmata 3.2 - 3.5 in ^Hj remain valid also if 
A j^ 1 provided that the following properties and differences on notation are taken 
into account: 

i) The canonical polytope Ap should be considered as equal to the dual fi* 
of the polytope denoted by O in J^l and the m-tuple (A^, . . . , A™) should 
be considered as equal to the m-tuple of constants (ci, . . . , Cm) considered 
in ^\; Moreover, with no loss of generality, one should assume that our 
function Uo : i^rcg ^- M so that uJo\tf = -^dcFuo coincides with the function 
denoted by "1*°" in [111; 

ii) By the previous remarks, if M is Fano, there exist two positive real numbers 
Q < Ki < K2, independent on i, so that Ki < A < K2 at any point of -Freg 
and for any solution of (5.12); 

iii) From (ii) and the fact that all integrals (4.5) are equal to 0, the polytope 
il* — Ap C M™ contains the origin also when A y^ 1; 
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iv) The equality = /^, yiC^'^'^'^'^'dy which appears at the end of the proof of 
Lemma 3.3 of ^H] should be replaced by the equality 



0=/ y.e^:.-^^ n f-^^ + OdyiA-.-Ady 



which is true by Proposition 14.31 Under this replacement, all remaining 
equalities considered in Lemma 3.3 of 19 remain true also when A ^ 1. 

Those lemmata give the needed estimates and the solvability of (5.12) is proved. 
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